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In order to investigate whether space coordinates are intrinsically noncommutative, we make use
of the Hall effect on the two-dimensional plane. We calculate the Hall conductivity in such a way
that the noncommutative U(1) gauge invariance is manifest. We find that the noncommutativity
parameter θ does not appear in the Hall conductivity itself, but the particle number density of
electron depends on θ. We point out that the peak of particle number density differs from that of
the charge density.
I. INTRODUCTION
If gravity and quantum mechanics are unified in a small scale, the manifold picture of spacetime has no operational
meaning, and then any spacetime uncertainty is expected below the Planck scale [1, 2]. The spacetime uncertainty is
naturally brought by noncommutative product between spacetime coordinates,
[ xµ , xν ]⋆ := x
µ ⋆ xν − xν ⋆ xµ = i θµν , (1.1)
where θµν is the real anti-symmetric parameter and the Moyal product ⋆ which is associative, but not commutative
is defined by
f(x) ⋆ g(x) := exp
(
+
i
2
θµν ∂ξµ ∂
η
ν
)
f(x+ ξ) g(x+ η)
∣∣∣
ξ=η=0
. (1.2)
[ , ]⋆ is called the Moyal bracket.
Recently, remotivated by string theory arguments [3] noncommutative (NC) spacetime have been drawn much
attention in field theories [4, 5, 6, 7, 8, 9] as well as their phenomenological implications [10, 11, 12, 13, 14, 15]. The
NC spacetime can be realized by replacing usual commutative product with the noncommutative Moyal star product
Eq.(1.2), so that, by replacing the usual product with the Moyal star product, we can construct the action for field
theories on NC spacetime from that on commutative spacetime. One of the most interesting things of this procedure
is that for gauge theories on the NC spacetime, even the U(1) gauge group has non-Abelian like characters such as
self-interactions.
There are many papers concerning the Hall effect on two-dimensional NC space [16, 17, 18] where θ0i = 0 and
θij 6= 0 (i, j = 1, 2) in Eq.(1.1). However, the results seem to be divergent, some show deviations [17, 18] and others
no deviations from the usual commutative theory [16]. This may come from the fact that though they have discussed
the Hall effect based on NC quantum mechanics, but the NC U(1) gauge invariance was not so clear in their papers.
In this paper we would like to reinvestigate the Hall effect, especially preserving the NC U(1) gauge invariance of our
system.
In Sec.II A, in order to calculate the Hall conductivity by classical noncommutative field theory (NCFT), we briefly
review the NC U(1) gauge theory. In Sec.II B, we find that the Hall conductivity on NC space does not depend on
the NC parameter θ. The final section is devoted to concluding remarks. There, we point out that the center of the
charge density is different from that of the number density.
II. HALL EFFECT ON NONCOMMUTATIVE SPACE
A. NC Schro¨dinger field coupled to NC U(1) field
We consider the NC Schro¨dinger field ψ coupled to the NC U(1) gauge field Aµ on noncommutative spacetime.
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2The action in interest is given by
S = −1
4
∫
dnx Fµν ⋆ F
µν +
∫
dnx ψ† ⋆
(
iD0 +
1
2m
Di ⋆ D
i
)
⋆ ψ , (2.1)
where the star product ⋆ is defined by Eq.(1.2).
The covariant derivative Dµ of the NC U(1) gauge acts on fundamental representation f(x) and on adjoint one
G(x), such that
Dµ ⋆ f(x) := ∂µf(x) − ig Aµ(x) ⋆ f(x) , (2.2)
Dµ ⋆ G(x) := ∂µG(x) − ig [ Aµ(x) , G(x) ]⋆ =: D˜µ ⋆ G(x) , (2.3)
respectively. Where [ , ]⋆ is the Moyal bracket. In order to manifest the covariant derivative on adjoint representation
field, we often use D˜µ.
The field strength Fµν are defined as
Fµν :=
i
g
[ Dµ , Dν ]⋆ = ∂µAν(x)− ∂νAµ(x)− ig[ Aµ , Aν ]⋆ . (2.4)
The above action is invariant under the NC U(1) gauge transformation
ψ(x) 7→ ψ′(x) = U(x) ⋆ ψ(x) , (2.5)
Aµ(x) 7→ A′µ(x) = U(x) ⋆ Aµ(x) ⋆ U †(x) +
i
g
U(x) ⋆ ∂µU
†(x) , (2.6)
where U(x) is a star unitary function U(x) ⋆ U †(x) = U †(x) ⋆ U(x) = 1.
From the action (2.1), the equations of motion follow
D˜ν ⋆ F
µν = Jµ , (2.7)
0 =
(
iD0 +
1
2m
Di ⋆ D
i
)
⋆ ψ , (2.8)
where Jµ is the NC U(1) charge current density defined by
Jµ :=


g ψ ⋆ ψ† for µ = 0
g
2mi
[
(Dµ ⋆ ψ) ⋆ ψ† − ψ ⋆ (Dµ ⋆ ψ)† ] = g
m
ℑ [ (Dµ ⋆ ψ) ⋆ ψ† ] for µ 6= 0 . (2.9)
It is apparent from the expression (2.9) that the NC U(1) charge current density Jµ transforms adjoint-likely under
the NC U(1) gauge transformations, ı.e., Jµ 7→ J ′µ = U ⋆ Jµ ⋆ U †.
B. Hall conductivity
Hereafter we confine ourselves into the case of two-dimensional noncommutative space, which is characterized by
the Moyal star bracket
[ xi , xj ]⋆ = i θ
ij = i θ ǫij (i, j = 1, 2) , (2.10)
where
ǫij :=
(
0 1
−1 0
)
, ǫij :=
(
0 1
−1 0
)
, ǫikǫjk = ǫjkǫ
ik = δij . (2.11)
We take a gauge
A0 = E x1 , A1 = 0 , A2 = B x1 . (2.12)
Then field strengths become
E1 := F10 = E , B3 := F12 = B , (2.13)
3and the others vanish. In this case, the covariant derivatives in Eq.(2.8) take the following forms
D0 ⋆ ψ = ∂0 ψ − i gE x1 ⋆ ψ , (2.14)
D1 ⋆ ψ = ∂1 ψ , (2.15)
D2 ⋆ ψ = ∂2 ψ − i gB x1 ⋆ ψ . (2.16)
Since these quantities have no explicit dependence of t and x2, we seek a solution such as
ψ = e−iωt φ(x1) ⋆ eip2x
2
. (2.17)
Substituting Eq.(2.17) into Eqs.(2.14)-(2.16), we find that Eq.(2.8) is turned out to be of the form
[
ω + gEx1 − 1
2m
{ − ∂21 + (gBx1 − p2)2 }
]
φ(x1) ⋆ eip2x
2
= 0 . (2.18)
Since the inverse of exp(i p2 x
2) with respect to the star product is given by exp(−i p2 x2), the last exponential
factor may be dropped out according to the star product associative law. Then we have an equation similar to the
Schro¨dinger equation of a one-dimensional harmonic oscillator,
E φ =
(−1
2m
∂2X +
mω2c
2
X2
)
φ , (2.19)
where ωc := gB/m is a cyclotron frequency and we use new variables
X := x1 − p2 +m E/B
gB , E := ω +
1
2m
mE
B
(
mE
B + 2p2
)
. (2.20)
The eigenvalue and eigenstate of Eq.(2.19) are
En =
(
n+
1
2
)
ωc , (2.21)
φn(x
1) = Cn exp
(
−mωc
2
X2
)
Hn (
√
mωc X) , (2.22)
where Cn is a constant and Hn is the n-th Hermite polynomial
Hn(z) := (−)nez
2
(
d
dz
)n
e−z
2
. (2.23)
For this solution ψn(t, ~x) = e
−iωnt φn(x
1) ⋆ eip2x
2
, we obtain
(D1 ⋆ ψn) ⋆ ψ
†
n = ∂1ψn ⋆ ψ
†
n = φ
′
n(x
1) ⋆ eip2x
2
⋆ e−ip2x
2
⋆ φ∗n(x
1)
= φ′n(x
1) ⋆ φ∗n(x
1) = φ′n(x
1)× φ∗n(x1) ∈ R (2.24)
(D2 ⋆ ψn) ⋆ ψ
†
n = ∂2ψn ⋆ ψ
†
n − i gB x1 ⋆ ψn ⋆ ψ†n
= φn(x
1) ⋆ (ip2) e
ip2x
2
⋆ e−ip2x
2
⋆ φ∗n(x
1)− i gB x1 ⋆ φn(x1) ⋆ eip2x
2
⋆ e−ip2x
2
⋆ φ∗n(x
1)
= i (p2 − gB x1) ⋆ φn(x1) ⋆ φ∗n(x1)
= i (p2 − gB x1)
∣∣ φn(x1) ∣∣2 . (2.25)
Therefore, the current (2.9) is expressed as
J0(t, ~x) = g φn(x
1) ⋆ φ∗n(x
1) = g
∣∣ φn(x1) ∣∣2 , (2.26)
J1(t, ~x) = 0 , (2.27)
J2(t, ~x) =
1
m
(p2 − gB x1)
∣∣ φn(x1) ∣∣2 = −ρg(x1)
(E
B +
gB
m
X
)
, (2.28)
4where ρg := J
0 is the charge density.
The NC U(1) charge current density is gauge covariant, but not invariant, while the total charge and current over
space defined by
Q :=
∫
d2x J0(t, ~x) , J2 :=
∫
d2x J2(t, ~x) , (2.29)
respectively, are gauge invariant. Since observable quantities should be gauge invariant, we consider the total charge
and total current. For Eqs.(2.26) and (2.28), we have
Q = g
∫
d2x
∣∣ φn(x1) ∣∣2 , (2.30)
J2 = −g
∫
d2x
(E
B +
eB
m
X
) ∣∣ φn(x1) ∣∣2 = −g EB
∫
d2x
∣∣ φn(x1) ∣∣2 = −QB E . (2.31)
Thus, between the total charge and total current, we have the Hall conductivity
σH = −QB . (2.32)
The forms of Eqs.(2.31) and (2.32) coincide with the usual commutative results, except for the definition of E and B.
Note that B and E are the field strengths of NC U(1) gauge field, not the usual U(1).
We impose the periodic boundary condition with the periodicity ( L1, L2 ) for the wave function (2.17). Hence,
we have p2L2 = 2π~n = hn, i.e., p2 = hn/L2. Namely, each Landau level has a degeneracy. The center of harmonic
oscillator takes discrete values
X1 = ∆X1 · n+ mE
gB2 , (2.33)
where
∆X1 :=
h
gB
1
L2
. (2.34)
The number of the center inside the periodic box ( L1, L2 ) is given by
L1
∆X1
=
L1L2
S0
, (2.35)
where S0 := h/gB is considered as the effective area occupied by one electron. This means that the number of electron
per unit area with same energy is given by 1/S0. The total magnetic flux penetrating this area is
φ0 = B S0 = h/g , (2.36)
which corresponds to Dirac’s quantized magnetic flux.
Now, let us define the filling factor by
ν :=
Q/g
B/φ0 . (2.37)
In terms of the filling factor the Hall conductivity is written as
σH = −ν g
2
h
. (2.38)
If we take the composite model in the theory of quantum Hall effect, the filling factor ν defined by Eq.(2.37) can
be understood to represent the ratio of electron number and quantized magnetic flux number where electrons and
magnetic fluxes make a bound state. Hence the filling factor ν is expected generally to take fractional numbers.
5III. CONCLUDING REMARKS
We have reconsidered the Hall effect on NC space. In order to preserve the gauge symmetry of NC U(1) we have
worked with the classical NCFT and found that the Hall conductivity on NC space does not depend on the NC
parameter θ and coincides with the usual commutative result, except for the definitions of the field strength of the
gauge field.
Here, we would like to make some comments on existing works. Dayi and Jellal [17] concluded 1 that the Hall
current on NC space is given by
〈 Jˆy 〉 = σH E , σH = −eρ
B
, (3.1)
so that the Hall conductivity coincides with the conventional result. However, their electric and magnetic fields are of
the commutative U(1) gauge field, but not of the NC U(1) gauge field, whereas ours are of the NC U(1) gauge field.
Their commutative U(1) gauge field strengths E and B are related to the NC U(1) gauge field strengths E and B by
E =
(
1− θ eB
2
)
E , B =
(
1− θ eB
4
)
B . (3.2)
If they adopted NC U(1) gauge field strengths, they would obtain another form of the Hall conductivity
σ′H = −
1− θ eB/4
1− θ eB/2
eρ
B . (3.3)
In any way, two forms of the Hall conductivity, Eqs.(3.1) and (3.3), are NC U(1) gauge dependent, in spite that
the NC Schro¨dinger equation adopted by them is NC U(1) gauge covariant. The reasons is that their definition of
the charge current is not gauge covariant.
The result by Duval and Horvathy [16] is same as ours. In their work, however the gauge field and the Schro¨dinger
equation adopted by them are for the commutative U(1) gauge group and hence the NC U(1) gauge invariance is not
clear.
Kokado, et.al. [18] calculated the Hall conductivity in the case that there exists noncommutativity not only among
coordinates, but also among momenta, by introducing the gauge field with the same method as Duval and Horvathy’s.
Although the system adopted by them is also primarily for the commutative U(1) gauge group, the system acciden-
taly have the NC U(1) gauge invariance in the case that the field strength is constant. Therefore, they used the
definition for the NC U(1) gauge field as the field strength and obtained the Hall conductivity which depends on the
noncommutativity parameters. However, it is not clear whether the system has the NC U(1) gauge invariance for
general gauge field configurations.
Although, in order to preserve the gauge symmetry of NC U(1) we have considered the Hall effect by using the
classical NCFT, our result is also valid for quantized NCFT, provided that the Hamiltonian of the matter field ψ
has bi-linear form and we treat the NC U(1) gauge field as an external background field. Therefore, in order to find
the θ-dependence in the Hall phenomena, the implications of propagating mode of the NC U(1) gauge field or of
scattering effect by impurities should be investigated.
As another approach to find the θ-dependence, we may be able to make use of the difference between the peak of
particle number density and that of the charge density. The particle number current density j is defined by
jµ(t, ~x) :=


ψ†(t, ~x) ⋆ ψ(t, ~x) for µ = 0
1
2mi
[
ψ† ⋆ (Dµ ⋆ ψ)− (Dµ ⋆ ψ)† ⋆ ψ ] = 1
m
ℑ [ ψ†(t, ~x) ⋆ ( Dk ⋆ ψ(t, ~x) ) ] for µ 6= 0 , (3.4)
and is locally conserved ∂µj
µ = 0. By the definition, the particle number density
ρ(t, ~x) := j0(t, ~x) = ψ†(t, ~x) ⋆ ψ(t, ~x) (3.5)
is gauge invariant.
1 There is a calculation error in Eq.(29) in their paper.
6For Eq.(2.17) this reduces to
ρ(t, ~x) = e−ip2x
2
⋆ φ∗n(x
1) ⋆ φn(x
1) ⋆ eip2x
2
= e−ip2x
2
⋆
∣∣ φn(x1) ∣∣2 ⋆ eip2x2 = ∣∣ φn(x1 − θp2) ∣∣2 , (3.6)
while the charge density ρg for the same state is given by Eq.(2.26), so that ρg(t, ~x) = g |φn(x1) |2.
Although the particle number density cannot couple with the NC U(1) gauge field, it may couple with gravity.
On the other hand, the charge density can couple with the NC U(1) gauge field. By making use of these different
properties, it may be possible to provide an observable test for noncommutativity of space. The details of two things
above will be considered elsewhere.
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